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18.152 Introduction to PDEs, Fall 2011 Professor: Jared Speck 

Class Meeting 7^ 16: The Fourier Transform on 



1. Introduction to the Fourier Transform 

Earlier in the course, we learned that periodic functions / G 1,1]) (of period 2) can be 

represented using a Fourier series: 



Xo.i] 



ttm COS mTTX 



sm mvrx 



m=l 



m=l 



The " = " sign above is interpreted in the sense of the convergence of the sequence of partial sums 
associated to the right-hand side in the L^([— 1, 1]) norm. The coefficients am and bm represent the 
"amount of the frequency m" that the function / contains. These coefficients were related to / 
itself by 



(1.0.2a) 
(1.0.2b) 
(1.0.2c) 



ao 



/(x) dx, 



f{x) cos(m7rx) dx, 



f{x) sin(m7rx) dx, 



(m > 1] 



(m > 1). 



The Fourier transform is a "continuous" version of the formula (1.0.1) for functions defined on 



the whole space M". Our goal is to write functions / defined on M" as a superposition of different 
frequencies. However, instead of discrete frequencies m, we will need to use "continuous frequencies" 

Definition 1.0.1 (Fourier Transform). Let / G L^(]R"), i.e., \ f{x)\d'^x < 00. The Fourier 

transform of / is denoted by /, and it is a new function of the frequency variable ^ G M". It is 
defined for each frequency ^ as follows: 



1.0.3) 



dcf 



where ■ denotes the Euclidean dot product, i.e., if x 



{x\--- ,a;") and ^ = (^\ ■ ■ ■ ,r), then 



^ ■ X == '^2^=1 i'^^'' ■ the above formula, recall that if is r is a real number, then e*^ = sinr + i cosr. 



The formula (1.0.3) is analogous to the formulas (1.0.2a) - (1.0.2c). It provides the "amount of 



the frequency component" ^ that / contains. Later in the course, we will derive an analog of the 

1 



representation formula (1.0.1). 
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Remark 1.0.1. The Fourier transform can be defined on a much larger class of functions than 
those that belong to L^. However, to make rigorous sense of this fact requires advanced techniques 
that go beyond this course. 

We will also use the following notation. 

Definition 1.0.2 (Inverse Fourier transform). Given a function /(^) G L^(]R"), its inverse 
Fourier transform, which is denoted by is a new function of x defined as follows: 

(1.0.4) /v(^) dj?/(_^) 4|f /■ /(a;)e2'^^«-^d"^. 

The name is motivated as follows: later in the course, we will show that (/)^ = /. Thus, V is in 
fact the inverse of the operator A. 

The Fourier transform is very useful in the study of certain PDEs. To use it in the context 
of PDEs, we will have to understand how the Fourier transform operator interacts with partial 
derivatives. In order to do this, it is convenient to introduce the following notation, which will si- 
multaneously help us bookkeep when taking repeated derivatives, and when classifying the structure 
monomials. 

Definition 1.0.3. If 

(1.0.5) (3= (a\ •■■,«") 

is an array of non-negative integers, then we define to be the differential operator 

(1.0.6) dg = df---df. 

Note that ds is an operator of order =^ + • • • + 

H X — {x^, • • • , x") is an element of C", then we also define to be the monomial 

(1.0.7) = (a;i)"'---(x")"". 

The following function spaces will play an important role in our study of the Fourier transform. 
Throughout this discussion, the functions / are allowed to be complex-valued. 

Definition 1.0.4 (Some important function spaces). 

(1.0.8) C*^ = {/ : ^ C I dsf is continuous for \a\ < k}, 

(1.0.9) Co =^ {/ : R"* ^ C I / is continuous and lim f{x) = 0}. 

|a;|— >-oo 

We also recall the following norm on the space of bounded, continuous functions / : R" — > C : 



(1.0.10) ||/||co = max|/(a;)|. 

The norm plays an important role in Fourier analysis. Since / is in general complex-valued 
we also need to extend the notion of the inner product to complex-valued functions. This is 
accomplished in the next definition. 
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Definition 1.0.5 (Inner product for complex-valued functions). Let / and g be complex- 
valued functions defined on M". We define their complex inner product by 

(1.0.11) (/,^?)'=' / f{x)-g{x)rx, 



where g denotes the complex conjugate of g. That is, if g{x) = u{x) + iv{x), where u and v are 

real-valued, then g{x) =^m(x) — iv{x). 
We also define norm of / by 

(1.0.12) 11/11 = (/,/)^/^=(/ \fix)\'rxy\ 

Note that this is just the standard l? norm extended to complex-valued functions. 

Note that (■, ■) and || ■ || verify all of the standard properties associated to a complex inner product 
and its norm: 

• 11/11 > and 11/11 = if and only if / = almost everywhere 

• k9i /) — {f\ 9) (Hermitian symmetry) 

• If a and b are complex numbers, then (a/ + bg, h) = a{f, h) + b{g, h), and (/, ag) = a{f, g) 
(Hermitian linearity) 

• |(/)fl')| < ll/lllls'll (Cauchy-Schwarz inequality) 

• ||/ + 5'll < 11/11 + \\g\\ (Triangle Inequality) 

2. Properties of the Fourier Transform 
The next lemma illustrates some basic properties of / that hold whenever f E L^. 

Lemma 2.0.1 (Properties of / for / G L^). Suppose that f G -/^-"^(M"). Then f is a bounded, 
continuous function and 



(2.0.13) ||/||co<IIJI|Li. 
Proof. Since |e*''| = 1 for all real numbers r, it follows that for each fixed ^, we have 



(2.0.14) 1/(01 < / |/(x)e-2'^*«-^ld"a; < / |/(a;)|d"x 



dcf 



Taking the max over all ^ G M", the estimate (2.0.13) thus follows. 



We now prove that / is continuous. Given e > 0, let Bfi be a ball of radius R centered at the 
origin such that the integral of |/| over its complement B'^ is no larger than e : 



(2.0.15) / \f{x)\d''x<e. 

It is possible to choose such a ball since f E L^. We then estimate 
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<2 

(2.0.16) \fiO-fiv)\< I |/(a;)||e-2"'«-" -e-2-^''-|d"a;+ / le-^^'^'" - e-^-^^-'l c/"a; 



'Br 



Now since e is a uniformly continuous function of the real number r on any compact set, if 
1^ — r/l is sufficiently small, then we can ensure that maxj,.g5^ |g-27rjc-x _ ^-2mr)-x]^ ^ then 



conclude that the final integral over Bji on the right-hand side of (2.0.16) will be no larger than 



(2.0.17) max|e-2"'^-"-e-''^'''-"| / \f{x)\rx<e[ |/(x)| = e||/|Ui. 

Jbr Jr" 

Thus, in total, we have shown that if |^ — ri\ is sufficiently small, then |/(0 "~ f{v)\ ^ + 2e- 

Since such an estimate holds for all e > 0, / is continuous by definition. □ 

It is helpful to introduce notation to indicate that a function has been translated. 

Definition 2.0.6 (Translation of a function). If M" — )• C is a function and y G is any point, 
then we define the translated function Tyf by 

(2.0.18) ryf{x)''=' f{x-y). 

The next theorem collects together some very important properties of the Fourier transform. In 
particular, it illustrates how the Fourier transform interacts with translations, derivatives, multi- 
plication by polynomials, products, convolutions, and complex conjugates. 

Theorem 2.1 (Important properties of the Fourier transform). Assume that f,g& L^(M"), 
and let t G M. Then 

(2.0.19a) 

(^./)"(0 = e-^-'«-V"(0, 
(2.0.19b) 

m=rj{0 ifh{x)=^e'-'^-^f{x), 
(2.0.19c) 

MO=i"m) ^fh{x)=^f{t-'x), 
(2.0. 19d) 

(2.0. 19e) 

Ifx'^f G L^for \a\ < k, then f G C'' and dj{0 = [(-27ria;)°/(x)]^(0, 
(2.0. 19f) 

Iffe C\ d^f G L' for \a\ < k, and d^f G Cq for \a\ < k - 1, then (d^f^iO = (27rze)"7(0, 
(2.0.19g) 



fiO = ifnO and (/v)(0 = (/)"(0- 
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Above, f denotes the complex conjugate of f; i.e., if f = u + iv, where u and v are real-valued, 
then f = u — iv. 



Proof. To prove (2.0.19a), we make the change of variables z = x — y, d^z = d"x and calculate that 



(2.0.20) 



X 



To prove (2.0.19b), we calculate that 



(2.0.21) h{i) = / e2"'''-"/(a;)e-'""-« = / /(x)e-2""-(«~'') = /(^ - n) = tJ{C). 



To prove (2.0.19c), we make the change of variables y = t x, d"'y = t ^d^x to deduce that 



(2.0.22) 



MO 



def 



def 



/(t-ia;)e-2'^"-« d^'x 
f{y)e-'-^y'H''d-y 

f'fm. 



To prove (2.0.19d), we use the definition of convolution, (2.0.19a), and Fubini's theorem to deduce 
that 



(2.0.23) 



f{x-y)g{y)d-y]d-x= \ g{y) 



-2ttx-^ 



f{x-y)d-x)d-y 



def 



/(O / e-^-'^-yg{y)d-y^^ f{i)m- 



To prove (2.0.19e), we differentiate under the integral in the definition of /(^) to deduce that 



(2.0.24) 



dff{i)= / /(x)9fe-2"*"-«c/"x= / f{x){-2mxfe-^^'''<d^x=[{-2Tiixff{x)f{i). 



To prove (2.0.19f), we integrate by parts |a| times and use the hypotheses on / to discard the 



boundary terms at infinity, thus concluding that 



(2.0.25) {d^ff{i)= I 95/(x)e-'""-«rf"x= / f{x){~lpdfe-^^'''<d''x 



f{x){2mife-^^'''-^ d^'x = (27rzO°/(0- 



To deduce the first relation in (2.0.19g), we compute that 
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(2.0.26) 

fiO 



dcf / 



The second relation in (2.0.19g) can be shown using similar reasoning. 



□ 



(2.0.19e) roughly shows that if / decays very rapidly at infinity, then / is very differentiable. 



Similarly, (2.0.19f) roughly shows that if / is very differentiable with rapidly decaying derivatives. 



then / also rapidly decays. The Fourier transform thus connects the decay properties of / to 
the differentiability properties of /, and vice versa. In the next proposition, we provide a specific 
example of these phenomena. More precisely, the next proposition shows that the Fourier transform 
of a smooth, compactly supported function is itself smooth and rapidly decaying at infinity. 

Proposition 2.0.2. Let f G C^(]R"), i.e., f is a smooth, compactly supported function. Then f 
is smooth and "rapidly decaying at infinity" in the following sense: for each N > 0, there exists a 
constant Cjy > such that 



(2.0.27) 



1/(01 <Civ(i + iei) 



-N 



Furthermore, an estimate similar to (2.0.27) holds (with possibly different constants) for all of the 
derivatives 1 9^/(0 1- 
In particular, f E L} : 



(2.0.28) ||/(0|Ui=^/ |/(OM"e<oo, 

and similarly for d^f, where /3 is any derivative multi-index. 



Proof. Using (2.0.19e) and the fact that / is compactly supported (and hence x"/ G L^), we see 
that / is smooth. 



To prove (2.0.27), we use (2.0.19f), (2.0.13), and the fact that H^^/Uli < oo for any differential 
operator doi to deduce that 



(2.0.29) 



|(27riO°7(OI = imrm < \\daf\\L^=C. 



where is a constant depending on a. In particular, if M > is an integer, then by apply- 



ing ^M9^ to the differential operator A^^ = (Eti^?)^ (i-^-, | (Stt^^*^ ( ^^(e)')'''' /(O | 

i=l 



|(A^/)^(0| <Cm , it follows that 



(2.0.30) 



(27r 



2M 



1/(01 <C^M 



for some constant Cm > 0. It is easy to see that an estimate of the form (2.0.27) follows from 
(12.0 301). 
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( |2.0.28| ) follows from ( |2.0.27[ ) and the fact that 

r 1 



(2.0.31) 



— < oo. 

n+l ^ 



To see that (2.0.31) holds, perform the integration using spherical coordinates on 



(2.0.32) 



lel) 



n+l 



(jJr, 



OO 



\n+l 



dp 



p=o a + py 

.", and Wr, is the surface area of the unit 



where p =^ |^| =^ ■\jYTj=i{i'^Y is the radial variable on 
ball in M". By a simple comparison estimate, it is easy to see that the integral on the right-hand 



side of (2.0.32) converges (the integrand behaves like near p = 0, and like \ near oo). 



To show that similar results hold for for (9^/, we first use (2.0.19e) to conclude that 
(2.0.33) d^J{i) = [{-2mxff{x)]\0- 

Furthermore, the function {—2nix)'^f{x) also satisfies the hypotheses of the proposition. We can 
therefore repeat the above arguments with d^f in place of / and {—2'KixY f {x) in place of /. 

□ 

3. Gaussians 

One of the most important classes of functions in Fourier theory is the class of Gaussians. The 
next proposition shows that this class interacts very nicely with the Fourier transform. 

Proposition 3.0.3 (The Fourier transform of a Gaussian is another Gaussian). Let f{x) = 
expl—Tczlxl"^), where z = a + ib is a complex number, a,6 G M, a > 0, x = (x^, ■ ■ ■ ,x'") G M", and 
\x\^ = Ei=i(a;^')'- Then 



(3.0.34) 



/(O = z-/'exp{-n\^\yz). 



Proof. We consider only the case 6 = 0, so that z = a. The cases b ^ would follow from an 
argument similar to the one we give below but requiring a few additional technical details. We first 



(2.0.19e 


)-( 


2.0. 19f 


) of Theorem 


2.1 



(3.0.35) 



f'iO 



-2T[ixe' 



-aiTX''\A 



no 



-aiTX^\/\ 



We can view (3.0.35) as 



(3.0.36) 



di 



a dx 



In/ 



(0 = -27rze/(0 



-2ti 



e/(0- 



-2ti 



Integrating (3.0.36) with respect to ^ and then exponentiating both sides, we conclude that 



(3.0.37) /(O = Cexp(-7reVa-) 

Furthermore, the constant C clearly must be equal to /(O). 
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We now compute /(O) : 



(3.0.38) 



Note that you have previously calculated this integral in your homework. Combining (3.0.36) and 



(3.0.38), we arrive at the desired expression (3.0.34) in the case n = 1 



To treat the case of general n, we note that the properties of the exponential function and the 
Fubini theorem together allow us to reduce it to the case of n = 1 : 



(3.0.39) 



exp I — vra 



/(O = / exp(— 7ra|a;p)exp(— 27ri,^ ■ x) 

n n 

. ^(x^f )exp(^ - 2m ^ ^'x') d^'x 
k=i j=i 

n I t 

/ n I^^P( " 7ra(a;^)^)exp(-27rif a;^)| d'^x 

n „ 

TT < / exp(^ — 7ia{x^Y^exp{—2iTiC^^x^)dx-'\ 
,=1 ^ 

n 

na-^/^exp(-vr(e)Va) 



-n/2 



a-/2exp(-7r|e|Va) 



We have thus shown (3.0.34) 



□ 



4. Fourier Inversion and the Plancherel Theorem 



The next lemma is very important. It shows that the Fourier transform interacts nicely with the 
inner product. 

Lemma 4.0.4 (Interaction of the Fourier transform with the inner product). Assume 
that f,g & L^. Then 



(4.0.40) / /(x)c/(x)d"x = / f{x)g{x)d^x. 

Alternatively, in terms of the complex inner product, we have that 



(4.0.41) 



{f,9) = {f,9''). 
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Proof. Using the definition of tlie Fourier transform and Fubini's tlieorem, tlie left-liand side of 



(4.0.40) is equal to 



(4.0.42) 



By the same reasoning, this is also equal to the right-hand side of (4.0.40). 



To obtain (4.0.41), simply replace g with g in the identity (4.0.40) and use property (2.0.19g). 



□ 

The next theorem is central to Fourier analysis. It shows that the operators A and V are inverses 
of each other whenever / and / are nice functions. 

Theorem 4.1 (Fourier inversion theorem). Suppose that / : M" — t- C zs a continuous function, 
that f E L^, and that f E L} . Then 



(4.0.43) UY = (D^ = /. 

That is, the operators A and V are inverses of each other. 
Proof. We first note that 



(4.0.44) 



ifn^)= [ {[ fiy)e-'^'^<d-y]e'-^^<d^C 



Note that the integral in (4.0.44) is not absolutely convergent when viewed as a function of {y,0 ^ 



X M". Thus, our proof of (4.0.43) will involve a slightly delicate limiting procedure that makes 
use of the auxiliary function 



(4.0.45) 



0(t,e) =exp(-7rt^|er + 27rze-a;) 



Note that (2.0.19b) and Proposition 3.0.3 together imply that 



(4.0.46) 
where 



0(y) = t-"exp(-7r|x - y\yt^) ""^^ T{t, x-y), 



(4.0.47) 



r{t;y)'='t--expi-n\y\yt'). 



Also note that T{t,y) is just the fundamental solution of the heat equation with diffusion constant 
D = In particular, we previously showed in our study of the heat equation that 



(4.0.48) 

for all t > 0. We now compute that 



/ T{t,y)d^y=l 
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(4.0.49) 



(r(t,-)*/)(x) 



dcf 



T{t,x-y)f{y)<ry 
^it,y)fiy)ry 

exp{-nt'\^\')f{0exp{2m^-x)d^^ 



During our study of the heat equation, we showed that the left-hand side of (4.0.49) converges to 



f{x) as t 4, 0. To complete the proof of the theorem, it remains to show that the right-hand side 
converges to 



(4.0.50) 



/(Oexp(27rze ■ x) d^^ (/)^(a;) {fY 



as 1 1 0. To this end, given any number e > 0, choose a ball Br of radius R centered at the origin 
such that 



(4.0.51) 



l/(e)M"e<e. 



Above, 5^ denotes the complement of the ball. It is possible to choose such a ball since / G L^. 
We then estimate 



(4.0.52) 



def 



exp(-7rt2|^n/(Oexp(27rze ■ x) d^^ - /^(a; 

exp(-7r^2|^|2)/(^)exp(27^^^x)rf"e- / /(Oexp(27rze ■ a;) d"^ 



< / exp(-7rt^|^|^)-l |/(0|rf"e 



< max exp(-7rt^|e|^) - 1 / 1/(01^"^+/ |exp(-7rt^|e|^) - 1| 1/(01^"^ 



<i 



< max |exp(— vrt^l^P) — l| 



<max exp(-7rt^|e|')-l ll/IUi+e. 



1/(0 



As t J, 0, the first term on the right-hand side of (4.0.52) converges to 0. In particular, if t is 



sufficiently small, then the right-hand side of (4.0.52) will be no larger than 2e. Since this holds 



for any e > 0, we have thus shown that the right-hand side of (4.0.49) converges to the expression 



(4.0.50) as t J, 0, i.e., that it converges to (/)^(x). Since, as we have previously noted, the left-hand 



side of (4.0.49) converges to f{x) as t J, 0, we have thus shown that {fy{x) = f{x). 



It can similarly be shown that (/ 



V\A| 



x] 



f{x). This completes the proof of (4.0.43). 
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□ 

The next theorem plays a central role in many areas of PDE and analysis. It shows that the 
Fourier transform preserves the norm of functions. 

Theorem 4.2 (The Plancherel theorem). Suppose that f , g : M."' ^ C are continuous functions, 
that f,gGL^n L^, and that f,g& L^- Then f,gE L"^, and 



(4.0.53) (/,^7) = (/,^), 

i.e., the Fourier transform preserves the inner product. In particular, by setting f = g, it follows 



from (4.0.53) that 



(4.0.54) 



L2 



L2. 



Proof. By applying (4.0.41) with g replaced by g, we have that 



(4.0.55) (/,^) = (/,(^)V). 

By the Fourier inversion theorem (i.e. Theorem 4.1), we have that [gY = g, and so the right-hand 
side of (4.0.55) is equal to 



(4.0.56) 

We have thus shown (4.0.53) 



{f,9)- 



□ 
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